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Abstract 

This note introduces a result on the location of eigenvalues, i.e., the spectrum, of 
the Laplacian for a family of undirected graphs with self-loops. We extend on the 
known results for the spectrum of undirected graphs without self-loops or multiple 
edges. For this purpose, we introduce a new concept of pseudo-connected graphs and 
apply a lifting of the graph with self-loops to a graph without self-loops, which is then 
used to quantify the spectrum of the Laplacian for the graph with self-loops. 


1 Introduction 

Graph theory has proven to be an extremely useful mathematical framework for many 
emerging engineering applications mEnasiEiE]. This note introduces a result, Theorem 
(U on the location of eigenvalues, i.e., the spectrum, of the Laplacian for a family of 
undirected graphs with self-loops. We extend on the known results for the spectrum of 
undirected graphs without self-loops or multiple edges [aisiE]. For this purpose, we 
introduce a new concept of pseudo-connected graphs and apply a lifting of the graph with 
self-loops to a graph without self-loops, which is then used to quantify the spectrum of 
the Laplacian for the graph with self-loops. 

The primary motivation for this result is to analyze interconnected control systems 
that emerge from new engineering applications such as control of multiple vehicles or 
spacecraft [TOl IHl 1121 |T3l [2]. This result first appeared [U], where it proved key to 
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extend the stability proofs for observers [mile] to decentralized observers. We believe 
that the result can also be useful in designing decentralized control [HKiaiiniisniiii] and 
optimization algorithms. 

Notation: The following is a partial list of notation (see the Appendix for the graph 
theoretic notation): M"" is the n dimensional real vector space; || • || is the vector 2-norm; 
I is the identity matrix and Im is the identity matrix in is a vector of ones in 

M™; Oj is a vector with its zth entry -|-1 and the others zeros; cr{A) is the set of eigenvalues 
of A] a+{S) are the positive eigenvalues of S = S'^; p{^) is the spectral radius of A. 


2 Main Result on Laplacians for Graphs with Self-Loops 


This section first summarizes some known facts about graph theory, and then introduces 
the main result of this note on graphs with self-loops. For graphs with self-loops, we will 
introduce the concept of pseudo connectedness, which is useful in our developments. 

Let G = (V, E) represents a finite graph with a set of vertices V and edges E with (i, j) G 
E denoting an edge between the vertices i and j. C{G) is the Laplacian matrix for the 
graph G; a(G) is the algebraic connectivity of the graph G, which is the second smallest 
eigenvalue of T(G). E is the vertex-edge adjacency matrix. Each row of the vertex-edge 
adjacency matrix describes an edge between two vertices with entries corresponding to 
these vertices are -|-1 and —1 (it does not matter which entry is -|- or —) and the rest of 
the entries are zeros. Note that if the edge described by a row is a self-loop then there 
is only one non-zero entry with -|-1. Hence a row of Ei^k, denoted by vr, defining an edge 
between p’th and g’th vertices of the graph has its jth entry of ttj as follows 


TTj = 


1 

0 


J =p 

j = q 

otherwise 


A is the adjacency matrix, and V is the diagonal matrix of node in-degrees for G, then 
the following gives a relationship to compute the Laplacian matrix 


C{G) = E'^E = V-A. 


( 1 ) 
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The following relationships are well known in the literature [7j and [8] for a connected 
undirected graph G with N vertices and without any self-loops or multiple edges 

a(G) > 2(1-cos(7r/A^)) (2) 

2d(G) > max((T(T(G))), (3) 

where d(G) is the maximum in-degree of G. Indeed the inequality (l3|) is valid for any 
undirected graph without self-loops or multiple edges whether they are connected or not. 
Also, due to the connectedness of the graph, the minimum eigenvalue of the Laplacian 
matrix is 0 with algebraic multiplicity of 1 and the eigenvector of 1. Next we characterize 
the location of the Laplacian eigenvalues for a connected undirected graph G with self¬ 
loops. Having a self-loop does not change whether a graph is connected or not, that is, a 
graph with self-loops is connected if and only if the same graph with the self-loops removed 
is connected. Furthermore, we define the Laplacian of an undirected graph with at least 
one self-loop as 

C{G) = C{G°) + Y. (4) 

where G° is the largest subgraph of G with the self-loops removed, and 

C-{G°)= Y {ei - ej){ei - ejf. (5) 

The following definition introduces the concept of the pseudo-connected graphs, which is 
our fourth contribution. 

Definition 1 An undirected graph G(V,E) without multiple edges is pseudo-connected if 
every vertex is connected to itself and/or to another vertex and if every connected subgraph 
of G has at least one vertex with a self-loop. 

Next we develop useful results on the eigenvalues of undirected graphs with self-loops, 
which are instrumental in the stability analysis of the decentralized observer. We refer to 
[1] for a graph theoretic view of multi-agent networks. 

Lemma 1 The Laplacian of a pseudo-connected graph is positive definite. 
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Proof: A pseudo-connected graph can be partitioned into subgraphs that are connected 

with at least one self-loop in each subgraph. Note that some of these subgraphs can have 
a single vertex that has a self-loop. Clearly each subgraph with a single vertex and a 
self-loop has Laplacian 1. If we can also show that the connected subgraphs that have 
multiple vertices with at least one self-loop have positive definite Laplacians, then the 
Laplacian of the overall graph will also be positive definite. This will conclude the proof. 
To do that we prove that a connected graph G with at least one self-loop has a positive 
definite Laplacian. Let G° be the connected graph formed by removing the self-loops from 
G. Any vector v^O, which can be expressed as u = r(;-|-Cl where u)^l = 0, and either or 
both w^O and Ct^O- Then, by using ([5]) C{G) = £(G°) + Qo where Qo-=Yli=i^i^I 
q is the number of self-loops and having = Q, 

v"’"C{G)v = w'^C{G°)w+w"’"QoW+2(w^Qol+q^‘^ > 0. 

If u) 7^0, nFC{G°)w > 0 (due to connectedness of G°), we have C{G)v > 0. Next, if 
t(; = 0 and C/0) then v^C{G)v = qC‘^ > 0. Consequently /1(G) = £(G)’^>0, where q is the 
number of self-loops. ■ 

Next we introduce the concept of lifted graph to characterize the eigenvalues of the Lapla¬ 
cian of a graph with self-loops. 

Definition 2 Given an undirected graph G(E, V) with N vertices and with at least one 
self-loop, its lifted graph G(E, V) is a graph with 2N + 1 vertices and with no self-loops 
sueh that (Figure Uf): For every vertex i in G there are vertices i and i-l-A'-l-l in G, 
i = 1, and also a middle vertex A^-|-l with the following edges 

(i, j) eE ^ (i, j) € E and (f -|- -|- 1, j -|- -|- 1) SE 

(i, i) €E {i,N -\- 1) eB and {N -\-l,i-\- N -\-1) eB. 

The following theorem is the main result of this section on the eigenvalues of the Laplacians 
of pseudo-connected graphs. 

Theorem 1 For a finite undirected graph, G, with self-loops but without multiple-edges: 

a {C{G)) C (j (/:(G)) n [0,2d(G°) + l], (6) 
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Figure 1: Lifted graph of a pseudo-connected graph with self-loops. 


E = 


E = 


E° 

S 


where G°(V,E«) is a subgraph o/G(V,E) where E" C E and E° contains all the edges 
of E that are not self-loops. Particularly, if G is a pseudo-connected graph, then 

a{C{G)) C (/:(G)) n [0,2d(G°) + l]. (7) 

Proof: Consider the edge-vertex adjacency matrix E° for G°. We have the following 

relationship for the vertex adjacency matrices of G and G, E and E, in terms of E° 

0 0 
5 10 

0 15 

0 0 E° 

where the matrix 5 has entries of -|-1 or 0. This implies that 

EoTeo + 5T5 0 

1^5 2N 1^5 

0 5^1 E°^E° + S^S 

and T(G) = E°'^E° -\- S"^S. Now suppose that ^ a (T(G)) with the corresponding 
eigenvector v. Then 


C{G) 


C{G) = 


V 


C{G)v 


V 

0 

= 

0 

= -if 

0 

— V 


_ -C{G)v _ 


— V 
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Consequently 'll: ^ a ^/1(G) j too. Next note that 0 < S < /, which implies that 
C{G) < C{G°) + I. This implies that 

max(cT (/1(G))) < max((T(/l(G°))) + l<2d(G°) + 1 (8) 

which follows from (l3|). This proves the relationship given by ([6]). Now by using Lemma 
[H the relationship given by ([7]) directly follows from Q. ■ 
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